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STRONG RAMSEY THEOREMS FOR STEINER SYSTEMS

JAROSLAV NESETRIL AND VOJTECH RODL

ABSTRACT. It is shown that the class of partial Steiner (k,!)-systems has the
edge Ramsey property, i.e., we prove that for every partial Steiner (k, [)-system
G there exists a partial Steiner (k,!)-system ¥ such that for every partition of
the edges of ¥ into two classes one can find an induced monochromatic copy
of G. As an application we get that the class of all graphs without cycles of
lengths 3 and 4 has the edge Ramsey property. This solves a longstanding
problem in the area.

1. Introduction, basic notions and the main theorem. Let A be a class of
k-uniform hypergraphs. A is said to have the edge partition (or Ramsey) property if
for every ¥; € A and every positive integer r there exists ¥o € A with the property
that for every partition of the edges £(¥2) = & U & U -+ U &, there exists an
induced subhypergraph X; of ¥, which is isomorphic to ¥; (i.e. ¥{ = ¥;) and
1€ {1,2,...,r} such that all edges of ¥| are elements of &;.

The edge partition properties of many classes of graphs and hypergraphs were
investigated in various papers of the present authors and others (cf. [4, 2, 15, 6, 8-
11, 1, 13]). In this paper we answer one of the longstanding problems of this area
and show that the class of all partial Steiner (k,!)-systems has the edge partition
property. This answers a problem raised in [3 and 7] (see also [5]).

Our method is based on a refinement of the “partite amalgamation” which was
used in [10-12]. Note that we deal with finite objects only.

A partial Steiner (k,l)-system G = (V, £) is a k-uniform hypergraph i.e. a system
£ of k-element subsets (edges) of a finite set V; which moreover has the property
that ever [-element set is contained in at most one edge of §. Our approach is based
on the notion of partite hypergraph. Let (V;)I2, be a system of pairwise disjoint sets
and let £ be a system of subsets of U:'; 1 Vi with the property that |[ENV;| <1 for
every 1 = 1,2,...,m and every E € £. Then the couple § = ((V;)2,, &) is called
an m-partite hypergraph. Sometimes we write also V; = V;(§) and £ = £(§).

Let | < k. By the symbol Part(k,!) we will denote the class of all k-partite
k-uniform hypergraphs with the property that intersection of any two edges has
cardinality smaller than /.

Let § = ((Vi)2y,€), ¥ = (Wi)P_, F) be two partite hypergraphs. We say that
the mapping ¢: /-, V; — U;;l W; is a partite embedding if

(a) For every ¢ =1,2,...,m there exists j; = 1,2,...,n such that ¢(V;) C Wj,.
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(b) ¢ is an embedding of (-, Vi, &) into (U7, Wi, 7) ie.

(i) ¢ is 1-1 and

(ii) {#(v1),...,0(vk)} € F if and only if {vi,vs,...,ux} €E.

We further say that G and X are isomorphic (§ = H), if there exists a partite
embedding

which is onto. (This of course implies that m = n and |V;| = |W},|). We say that
G = (U2, Vi, €) is an induced partite subgraph of X = (U;_, Ws, 7) if U2, Vi C
Uj=, W; and the identity map

L U V. — U W;
1=1 Jj=1

is a partite embedding. This fact will be abbreviated by G < ¥. The set of all
induced partite subgraphs of a partite hypergraph ¥ = ((W;),, ¥), which are
isomorphic to § = ((V;)™,, €) is denoted by (;) If G is a hypergraph, then V(§)
denotes the vertex set and £(§) the edge set of hypergraph G. If G and ¥ are two
hypergraphs, we say that § is a subgraph of ¥ if V(§) C V(¥) and £(G) C £(X).
We say that § is an induced subgraph if in addition £(§) = [V(§)]* N €(G) holds,
where [V (G)]* is the set of k-tuples of the set V(§). The complete k-uniform
hypergraph K, is the hypergraph with m-element vertex set V and edge set [V]¥.
The main objective of this paper is to prove the following.

THEOREM 1.1. The class of all partial Steiner (k,l)-systems has the edge parti-
tion property i.e. more explicitly for every partial Steiner (k,l)-system G and every
positive integer r there exists a partial Steiner (k,l)-system ¥ = (W, F) with the
following property: if the edge set of X is partitioned into r classes in an arbitrary
way F=FHUFRU---UF then there exists 1 < r and an induced subhypergraph G’
of X, G’ isomorphic to G so that all edges of G' are elements of ¥.

The partition property of the hypergraph X, described in the above theorem will
be sometimes abbreviated by the symbol ¥ — (§),.

2. The partite lemma. In this section we derive a key lemma for our further
approach. Our method is based on the celebrated Hales-Jewett theorem which we
recall here.

Let A be a finite set. Consider the set A™ of all n-tuples of elements of A. A
combinatorial line £ C A™ is any set of the form

L={(z1,...yZn), T; =24 forall 4,4’ € I,z; = b, for j ¢ I},

where I is a fixed nonempty subset of {1,2,...,n} and b;,5 ¢ I, a fixed sequence
of elements of A.
With this terminology the Hales-Jewett theorem is very easy to state:

THEOREM 2.1 (SEE [5]). For all finite sets A and every integer r > 2 there ez-
ists n(A, 1) such that for n > n(A,r), in every r-coloring of A™ there is a monochro-
matic line.
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We shall use the following

DEFINITION 2.2. Let F C A", f ={D1,0,,...,0p} and t < n. We set my(F) =
{vit,vat, ... vpt} where ; = {v41,V49,...,Vin}. The set m(F) is called the tth
projection of the set F. In the rest of this section we shall deal with k-partite
k-uniform hypergraphs:

DEFINITION 2.3. Suppose that ((Xj));?:l, G) € Part (k,l). Let n be a positive
integer. We define the k-partite hypergraph

((Y3)5=1,7) = (X;)5=1, 9"
in the following way.
Y; = [] X!, where X} are copies of the set X;, j <k

t<n

and
k
F=(FC UY,-:wt(F)egforeverytSn .
Jj=1

PROPOSITION 2.4. Suppose that ((X]-)f:l,g) € Part (k,l), n is a positive in-

teger. Then
(Y)5=1, F) = ((X;)§=1, §)" € Part (k. 1).

PROOF. Suppose that there exist F,F' € #, F # F', [FNF'| > 1. Let
vi,va, ...,y € FNF', vy # vjforall 1 <t <7 <l Then m(v1), me(v2), ..., me(v1)
€ m(F) N7y (F') and hence also m(v;) # m(v;) forall 1 <¢ < j<landt<n.
On the other hand, as F # F' there exists tg < n such that |m, (F) N7, (F')| < I,
a contradiction.

DEFINITION 2.5. Let

((X:)i=1, §) € Part (k1) and  ((Ya)fey, F) = ((Xo)iey, 6)™
Let A: 7 — G™ be a mapping defined by A(F) = (m1(F),m2(F),...,mn(F)). Clearly
A is 1-1 correspondence between ¥ and G". We say that the k-graph ((Zj)§=1a H)
is a canonical subgraph of ((Yj);;l,?) if the set {A(H); H € X} is a line and
Uj=1Zi = U{H: H € ¥}.

PROPOSITION 2.6. Let ((Xj);?:l,g) € Part (k,l) and let ((Zj);?=l,)-() be a
canonical subgraph of
(X3)5=1,9)" = (Yy)f=1, 7).
Set
}(={H1,H2,...,HP}, 9={G1,G2,...,Gp}, .7={F1,...,Fpn}.

Then the following holds:
(a) There exists a set N = N(¥) C {1,2,...,n} and G;, € G, t € {1,2,...,n}—

N such that
ro(H;) = { G;, for everyt ¢ N and every j =1,2,...,p,
wt G;  for everyte N and j =1,2,...,p.

(b) For every v € Z; there exists x € X; such that m(v) = z for everyt € N(X).

The mapping v — g is an isomorphism between ((Z;)5_,, X) and ((X;)k_,, §).
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(c) Let {vy,...,up} C Ule Z;. Then for everyt € {1,2,...,n} — N(X) there
exists G € G with the property that {my(v1),m(va),. .., m(vi)} C G.

(d) Let vyi,ve,...,1 € Uf=l Z; and for every t < n let there exist G;, € §
such that {m¢(v1),me(v2),...,m(v)} C Gy,. Then there exists H € X such that
m(H) = G, for everyt < n.

PROOF. We prove (d) only. Let ¢(1),¢(2) € N(X). As ((Xj);?:l,g) € Part(k,!)
the edges G;,,, and Gj, ,, are determined uniquely and (because of 2.6(b)) Gi, ,,
Gi,(,,- Thus the edge H € 7 with m(H) = G, for every t < n is an element of ¥
also. O

Next we verify the following, intuitively clear statement.

LEMMA 2.7. Let ((XJ-);?:l,Q) € Part (k,l) and let n be a positive integer. Let

((Z;)k_,, X) be a canonical subgraph of ((X;)%_,, §)". Then

(Z)§=1 %) = (X5)5=1, §)-
PROOF. Let § = {G1,Go,...,Gp}. Take the sets G;, with the property of
Proposition 2.6(a) and define the mapping ¢((X;)5_;,§) — ((Z;)%_,, %) in the
following way: for z € Xj,7 < k, set

d)(fl?) = (al,ag,...,an)

where
{ Gi,NX; fort¢g N(X),
ar =
¢ for t € N(X).
Clearly, ¢ is bijective. We prove that ¢ is an isomorphism. Let G; = {z1,22,..., Tk}

€ G, z; € X, for i < k. Then
G;,, fort¢ N(X),

mi{9(21), #(z2), .-, S(zx)} = { G, forte N(¥)

and thus {¢(z;), ¢(z2),...,¢(zk)} € ¥. On the other hand if {z,,22,.... 2k} ¢ §
then clearly
me{d(z1),...,0(zk)} = {z1,22,...,2k} ¢ G forany te N(})
and thus {¢(z1),...,0(zk)} € X. O
LEMMA 2.8. Let ((X;)5_,, ) € Part (k,1) and let ((Z})5_,, ¥1), ((Z})5=1, ¥?)
be two different canonical subgraphs of((X]-);?:l, G)" such that there exists | vertices
Vi, Vo,..., U € Uf=1 zZin U;;l Z? with the property

|{1/1,1/2,...,z/,}f'1Z]1 ﬂZf| <1 forallyj<k.
Then there exists E € X' N ¥? such that {vy,vs,...,11} C E.

PROOF. Suppose that there exist vy,ve,..., 1 € U;C‘=1 Z} n ULI Zf, v # Vi,
for 7 # ¢/ such that
() v, vay ., uynZinZ| < 1forall j <k,
(ii) {v1,va,...,u} ¢ E forall E € X1 N ¥2.
With respect to (ii) there exsits ¢ty < n such that
(%)
{meg(1), ... ()} ¢ G for all G € {m,(H); H € ¥'} N {my(H); H € ¥?}.
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Clearly, {m,(H); H € X*}, 1 = 1,2, is either a one-element set or equals the set
G. Therefore we get one of the subsequent cases:

(o) Either {m;,(H),H € ¥*} or {m,(H),H € ¥?} are one-element sets or

(8) {meo(H); H € X'} = {m,(H); H € ¥*} = §.

Suppose first that {m,(H); H € ¥'} = {G'}, where G' € §. This implies
that {m;,(v1),...,m,(11)} C G!. Hence according to (x) G! ¢ {m,(H),H €
X2} and thus the set {m; (H),H € X2} consists of a single element, we denote
it by G2. Again, by () we get that G* # G? and hence | > |G' N G?| >
{meo (v1), ...y, (W1)}| = I, a contradiction. Suppose now that () holds. Thus
{meo(V1)y. .. Mo (11)} ¢ G for all G € G and hence to € N(¥!) N N(¥?). Since
(according to 2.6(b)) mi(v1) = T, (v1), Te(v2) = My (Va),. .., m(v) = my (1) for
all t € N(¥') U (¥?) we get that {m(v1),m(v2),...,m(n)} ¢ G for all G € §
and t € N(¥!') U N(¥?). According to 26(c) ¢ ¢ N(¥1) (t ¢ N(¥2)) implies
t¢ N(X¥')UN(X?) and hence N(X!) = N(¥?).

As ((Z})k_,, %1) # ((Z22)5_,, ¥?) and N(X') = N(¥?) we get that there exists
s€{1,2,...,n} — N(¥!) such that

=Gy € G, whereG; # Gs.

(000}

LEMMA 2.9 (PARTITE LEMMA). Let ((X; )J 1, §) € Part (k,l) and let r be
a positive integer. Then there exists a positive integer n such that the hypergraph
((Yj)f=1, F)= ((Xj)le, G)" has the following property:

For every partition ¥ = FUFHR U ---U F there exists 1 < r and a canonical

subgraph ((Z )] 1 M) such that X =%. O

Hence

1> IGI ﬂG2|Z >|{7Ts Vl) 7l'3(l/l)}|=l

a contradiction. 0O

PROOF. Follows immediately from Hales-Jewett theorem, using the correspon-
dence between 7 and " described in 2.5.

3. Systems of copies. Let S(k,!) be the system of all partial Steiner (k,{)-
systems and let G, ¥ € S(k,!). We define an |£(§)|-uniform hypergraph (& (¥), 59}()
in the following way: vertices of (£(¥),¢& 9" ) are the edges of ¥ and T € 59’( iff
Ur,7T) € (;), more explicitly T € £ _}f if T is a set of edges of induced subgraph

of ¥ which is isomorphic to §. Clearly ¥ — (§),, if and only if x(€(¥),EZ) > r,
where x denotes the chromatic number.
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DEFINITION 3.1. Let §, ¥ € S(k, 1) (vesp. Part (k,1)). An arbitrary set S C (})
18 called a system of copies of G in X. Let r be a positive integer. We say that the
system of copies S is r-Ramsey for § if for any partition E(¥) =& U & U---UE,
there exists an induced subgraph G’ < ¥ such that

(i) §' €S,

(i) £(g') C & for some j < 7.

This fact we abbreviate S — (§),.

DEFINITION 3.2. Let r be a positive integer and § € Part (k,l). Let n be a
minimal positive integer such that the hypergraph §" has the following property:
if we set § = {F, F is a canonical subgraph of "}, then § — (§),. Next we shall
denote by R,(G) the hypergraph " and by S,(§) the system S.

4. The partite amalgamation. In this section we recall the partite amalga-
mation which we already used in [10, 11].

CONSTRUCTION 4.1. Let G € S(k,l) and let KX be a complete k-uniform
hypergraph with m vertices. Let
%

g
be a system of subgraphs of K%, (not necessarily induced) which are isomorphic to
G. According to the well-known Ramsey theorem [5, 14] there exists m such that
for every partition of the edges of KX into r classes & U & U -+ U &, there exists
7, 1 <7 < r, such that £(G;) C & for some 7, 1 < j < p. Next we fix m with this
property: Set

V(Krl'cn) = {VlaV'.’w"va}v E(K.,k;l) = {E11E27~~7E(r’?)}~

] ={91,92,---, Gp}

We define inductively the m-partite k-graph P (%) = ¥ « G in the following way:

I Set PO = ((VO)m,, €% where V2 = {(vi,j), j < p, v € V(g;)} and
{(U'iﬂjl)?(uizvaL (Vlk7.7k)} S lf and Only if ]1 - .72 == ]k - ] and
{"/il’ui2”"’l/ik}€£( )

I1. Suppose we deﬁned r-partite k-uniform hypergraphs P° = ((V;*)™,, £°). Let
Esi1 = {uz1,uz2,.-.,uzk} and let % be a k-partite subgraph of P*® induced on the
set Ul Ve Let $(F) ={F, 7., 7} andlet ¢;: F, — F),5 =1,2,...,q be
an isomorphism. Set V(Ps+1) = U, V.°*! where

vt = U Ve x{y} forié¢ {z,,z2,...,2k},
J<q

V:H'l :%(/Qr(}:s))7 26{1,2,,]6}
Denote by ¢;: V(P®) — V(P**!) the mapping defined by

(b)) forveV(R),
vil) = { (v.j) forvgV(z).

Set {v1,va,..., vk} € E(PT!) if and only if there exist 7 < g and {uy,u2,...,ur} €
E(P®) so that vy = ¢j(uy), va =¥;(uz),... , vk =9Y;(ue). O
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The following is an immediate consequence of the construction:

s+1

PROPOSITION 4.2. Let Py : Py € (75, ), Pi # Pa. Then Vi(P])NVi(Ps) =0
forallie{1,2,...,7} — {z1,..., 2k}

The next proposition is easy; for the proof see e.g. [10].
%

ProposiTioN 4.3. P(¥) = (6),.
5. Proof of Theorem 1.1. Let G € S(k,l). We apply the above construction

and set P(¥) = x. According to Proposition 4.3 it remains to prove only that ¥ is
a Steiner (k, !)-system.

Suppose that Ps € S(k,!), according to Lemma 2.8 and Proposition 4.2, for any
two copies Py, P, € (” ;J:l) the intersection V (P;) NV (P,) is either an edge of
Pst1 or has an empty intersection with all but at most I’ < I of the classes Vf“,
1=1,2,...,m. This, however, implies that Pt € S(k, ).

6. Application to bipartite graphs. One of the important questions of
structural Ramsey theory is to characterize the classes of graphs with edge partition
property. The first unsolved problem here was whether the class of bipartite Cy4-
free graphs has the edge partition property. The obstacle in solving this question
was that all “natural” (and known) constructions of Ramsey graphs were using set
representations, products and other techniques that were not able to exclude the
existence of C4 or more generally complete bipartite graphs. This together with
some other aspects (certain analogues between partition properties of finite and
infinite graphs) led to the conjecture that the class of graphs with girth at least five
does not have the edge partition property [3]. This conjecture can be disproved
using our approach. First we establish the edge partition property of the class of
bipartite Cy-free graphs.

DEFINITION 6.1. The ordered hypergraph (G, <) is a pair, where § is a hyper-
graph and < is linear ordering of its vertices. Let (G, <), (¥, <) be two ordered
hypergraphs, § = (V, &), ¥ = (W, ¥). We say that the mapping ¢: V(§G) — V(¥)
is an ordered embedding if ¢(v) < ¢(V') for v < v/ and {¢(v1),d(v2),...,d(vk)} € F
if and only if {v1,ve,...,c} €E.

The proof of Theorem 1.1 yields also the following slightly stronger result.

THEOREM 6.2. Let (G, <) be an ordered k-uniform hypergraph. G € S(k,l) and
let r > 2 be a positive integer. Then there exists an ordered k-uniform hypergraph
(¥,<L), ¥ € S(k,l) such that for every partition E(X) = E, U E U -+ U &, there
exists 1 < r and an ordered embedding ¢(G,<) — (X,<) such that (£(G)) C &.
This fact will be denoted by (X, <) — (G, <),

Now we are ready to prove

THEOREM 6.3. The class of all bipartite graphs without cycle of length four
has the edge partition property.

PROOF. Let § = (U,U’, £) be a bipartite graph and r > 2 a positive integer.
Without loss of generality assume that d(u) = d for every u € U’. For u € U’ define
M, ={veU;{u,v} €} and M = {My:u € U'}. Then (U, M) is a d-uniform
hypergraph. As (U,U’, £) does not contain C4 we have that (U, M) € S(d,2). Set
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k=r(d-1)+1 and let (V,N) € S(k,2) be a k-graph which has the following
property.

There exists an ordering <; of the set V' such that, for every
K c {1,2,...,k}, |K| = d, the hypergraph (U, M) is an in-

(%) duced subgraph of (V, Nk), defined by Nx = {Ni, N € N}, where
Nk = {v; v is the ith element of N (with respect to <;) where
i€ K}

(x%) Set ' = rk. Let ((W, £), <2) be an ordered k-uniform hypergraph,
such that (W, L) € S(k,2) and (W, £),<2) — ((V, N), <1)r.

We define the bipartite graph (W, L, ) in the following way: {w,E} € 7 iff
weE.

We prove (W, L, ) — (U',U,€),. Let F=FHU KR U---UZF be a partition. For
every E € [ this defines a mapping ¢: E — {1,2,...,r} defined by ¢(w) = j if
and only if {w, E} € %;. Let L = L;ULoU---UL,, be the partition defined in the
following way: {v1,v2,...,vk}, V1 S vy < --- < v, is in the same partition class as
{w1,we, ..., we}, wy Lwg < --- < wg, iff ¢(v;) = ¢(wy) for all j < k. According to
(*) there exists an ordered embedding ¢: ((V < N),<1) — (W, £), <2) such that
#(N) C L; for some i < r'. Set V = ¢(V) and let (V, N) be a subgraph of (W, L)
induced on V. Let (V, N, M) be a bipartite graph defined by {v, N} € M if and only
if v € N. (V, N, M) is clearly an induced subgraph of (W, £, ¥). Moreover, we have
forevery NN\ M € N, N ={v1,...,vk}, M = {w1,...,wi} that {;, N} € 7 if and
only if {w;, M} € ;. As k =r(d — 1) + 1 there exists K C {1,2,...,k}, |K| =d,
and jo < 7 such that for every N = {vy,...,vx} € N we have {v;, N} € 7, for all
i € K. According to (*) we get that there exists (U, _(7',?) = (U,U’, £) which is an
induced subgraph of both (V, N, M) and (W, L, 7). O

7. Application to graphs with girth larger than four. We start with some
discussion of the proof of Theorem 1.1. Note that for G € S(k,2) the hypergraph
X € S(k,2) constructed in Theorem 1. has also the following property.

For any two 1, G2 € (g) either
V(G1)NV(G2) CE for some E € £(X)

or
V(1) NV (G2) < 1.

This can be proved by induction (similarly as we proved that ¥ € S(k,2)), using
Lemma 2.8. Using this fact along the proof of Theorem 6.3 one can strengthen this
theorem in the following way.

THEOREM 7.1. For every C4-free bipartite graph G = (V, £) there exist a Cy-
free bipartite graph ¥ = (W, 7) and a system S of copies of G in X such that

(i) S — (9)r and

(ii) etther |V(G1) NV (G2)| <1 or V(G1) NV (G2) s a star.
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Now we are ready to prove

THEOREM 7.2. The class of all graphs with girth at least five has edge partition
property.

PROOF. We give a sketch only as the proof is based on the partite amalgamation
discussed in §4. Let § be a graph with girth at least five, r a given positive integer
and let

] = o)

be a system of subgraphs of K2, (not necessarily induced) which are isomorphic to
§. Again, we take m large so that for any partition of edges of K2, into r classes
we get that all edges of §; are in one of the classes. We copy Construction 4.1 with
the following exception: as the graph R.(§G) and system S,(§) we take the graph
X and system S from Theorem 7.1. We have again P () - (G)r. The only thing
which remains to be checked is that P(%) has girth at least five. This, however,
follows by induction as P° is certainly such and from the fact that P° has girth at
least five we infer that P°*1 is such as no cycle can be disconnected by the omission
of a single point or a star. 0O

REMARK. Note that five in Theorem 7.2 can be with the same proof replaced
by six. We have more complicated argument for seven; however the present method
does not allow us to go further.
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